ABSTRACT. In this paper several quasi-Gorenstein counterparts to some known properties of Gorenstein rings are given. We, furthermore, give an explicit description of the attached prime ideals of certain local cohomology modules.
Introduction
Throughout this article (R, m) is a commutative Noetherian local ring of dimension d with identity where m denotes the unique maximal ideal of R. Furthermore, M always stands for a finitely generated d ′ -dimensional R-module. Following [2] , we say that R is a quasi-Gorenstein ring precisely when H d m (R) ∼ = E(R/m) or, equivalently, R has a canonical module which is a rank one free module. In the geometric vein, a normal projective variety X is quasi-Gorenstein if the canonical divisor K X of X is Cartier. Indeed, a Cohen-Macaulay quasi-Gorenstein ring is Gorenstein. According to [21] (c.f. [38] ), roughly speaking, quasi-Gorenstein rings arise from the theory of linkage. That is, loosely speaking, they are residue rings of a Gorenstein ring modulo an ideal which is linked to an unmixed almost complete intersection. Hence there are so many of them. From another perspective, if R has a canonical module and R satisfies the S 2 condition then the trivial extension of R by its canonical module is quasi-Gorenstein (see [2] ). This, again, shows the ubiquity of quasi-Gorenstein rings. When R is a complete normal domain with a canonical ideal ω R , the first author of the present paper, in [43, Remark 3.2.] and [43, Theorem 3.5 .(i)], endowed R ω R with another R-algebra structure, by which it is a quasi-Gorenstein domain (Note that the trivial extension is never domain). It is also worthwhile to mention that by, [13, Lemma (2.4) ], the class of quasi-Gorenstein rings contains the class of unique factorization domains with canonical module. Such non-Cohen-Macaulay unique factorization domains have their origin in the invariant theory, see [5] . Rees Algebras provides us with another important source of quasi-Gorenstein rings (see, e.g., [28] and [22] ). In the light of [41, Theorem 6.1.] , there are (even) isolated rational singularity Q-Gorenstein rings with non-Cohen-Macaulay quasi-Gorenstein cyclic cover. In [27, Theorem, page 336 ] the author gives a nice description of non-Cohen-Macaulay quasi-Gorenstein Fano 3-folds 1 (over C) with isolated non-rational loci, as the projective cone defined by an ample invertible sheaf L on an Abelian surface. In [23] the authors give examples of quasi-Gorenstein Buchsbaum affine semigroup rings of any admissible depth. It is noteworthy to point out that affine semigroup rings of [23] are not the only place where the non-Cohen-Macaulay quasi-Gorenstein Buchsbaum rings come from. Another source of such rings is the Segre product of two hypersurfaces of a-invariant zero. For example, over an algebraically closed field k, the Segre product ring, A vast amount of research has been devoted to studying the class of Gorenstein rings. Compared with Gorenstein rings, our understanding of the behaviour and properties of quasi-Gorenstein rings is limited. In this paper we aim to increase our knowledge about quasi-Gorenstein rings. For example, in Section 3 we deal with some natural questions concerning the interaction between quasi-Gorensteinness and regular elements. Namely, we prove the following fact:
Theorem 1.1. (See Proposition 3.1 and Corollary 3.4(i)) If R is quasi-Gorenstein and x is a regular element of R, then R/xR is quasi-Gorenstein if and only if R/xR satisfies the S 2 condition and this is equivalent to the assertion that x
Accordingly, the main obstruction here is the failure of S 2 -condition. Hence, the next natural question is that whether the S 2 -ification of R/xR is, always, quasi-Gorenstein provided R is quasi-Gorenstein and R/xR has a canonical module? We settle this question affirmatively.
Theorem 1.2. (See Corollary 3.4(ii)) If R is quasi-Gorenstein and x is a regular element of R such that R/xR has a canonical module, then the S 2 -ification of R/xR is quasi-Gorenstein.
Perhaps it is worth to stress the following application of Theorem 1.1 to the homological conjectures. In [43, Remark 3.6 .(i)], applying both of two characterizations of quasiGorensteinness of R/xR, given in Theorem 1.1, as well as the first author's reduction of some homological conjectures to normal complete quasi-Gorenstein domains in [43] , together with Ochiai and Shimomoto's [34] , it is deduced that the validity of the Hochster's Canonical Element Conjecture in a dense open subset (in some sense) settles the Canonical Element Conjecture in general.
Another immediate question is the deformation property of quasi-Gorenstein rings. In [43, Proposition 3.4.] , the first author of the present paper, shows that the Ulrich's deformation of certain Gorenstein rings to unique factorization domains, developed in [44] , has a quasi-Gorenstein counterpart. Although, at the time of writing the paper, we do not know whether the quasi-Gorensteinness deforms in general, but we show that the following variant of deformation of quasi-Gorensteinness, which we call it as analytic deformation 2 , holds true.
Theorem 1.3. (See Theorem 3.7)
Suppose that x is a regular element of R such that R/x n R is quasi-Gorenstein for each n ∈ N. Then R is quasi-Gorenstein.
In order to deduce Theorem 1.1 and Theorem 1.2, we used a special case of the following fact which is the main result of Section 2. If the formal fibers of R satisfy the S n+2 -condition 4 
, then
The section 2. of the paper is, also, devoted to reminding some definitions and wellknown facts as well as giving some remarks and lemmas which are required throughout the paper.
By, e.g. [15] , a Cohen-Macaulay local ring is Gorenstein if and only if H d m (R) has finite injective dimension. In [12] , the authors introduce the notion of Gorenstein injective modules as a generalization of the concept of injective modules. Gorenstein injective modules and, its related invariant, the Gorenstein injective dimension are studied by many authors. For example, in [45 Theorem 3] ). This encouraged us to investigate the Gorenstein injective version of the Aoyama's theorem which is, indeed, a theorem whenever R is Cohen-Macaulay. We proved the following fact which also recovers the Cohen-Macaulay case of [46] . 
then R is quasi-Gorenstein. 2 As far as we know, our paper is the first place where such a variant of deformation is studied. This is remarkable, because the ordinary deformation problem of quasi-Gorensteinness is mysterious. 3 See, Definition and Remark 2.2 for the definition of the canonical module of an R-module. 4 e.g., if R is a homomorphic image of a Gorenstein ring. 
Then do we have, Ext
In fact an affirmative answer to the above question, which is proposed in Section 4, shows that R is quasi-Gorenstein if and only if H d m (R) has finite Gorenstein injective dimension. In [4] , the famous theorem of Bass gives a criterion for Gorensteinness in terms of the irreducibility of all of the parameter ideals. Indeed, there exists a non-Gorenstein ring with an irreducible parameter ideal. But, by virtue of [30] , there is an invariant ℓ d (R) of R such that R is Gorenstein if and only if some parameter ideal contained in m
is irreducible. In Section 5, we prove the following quasi-Gorenstein version of [30] (see Section 5 for the definition of the limit closure).
Theorem 1.7. (See Theorem 5.7) R is quasi-Gorenstein if and only if R is unmixed and the limit closure of each parameter ideal (of some parameter ideal contained in
It is worth pointing out that [30, Proposition 2.3.], [14] , and [35, 3. 2 Theorem] also show that the limit closure of parameter ideals of non-Cohen-Macaulay rings can be considered as a counterpart to the parameter ideals of Cohen-Macaulay rings. We would like to stress that Theorem 1.7 may have the following computational application. According to Theorem 1.7 for verifying the quasi-Gorensteinness of a ring R, using Macaulay2 system, we can find a system of parameters x of R and then check whether, µ {x} 
5
. This can be, considerably, faster than computing the free resolutions, especially when the defining ideal of R has too many generators or generators with too many summands. It is noteworthy to mention, here, that, e.g., the limit closure of any system of parameters x of a Buchsbaum local ring R is just the ideal, (x 2 1 , . . . , [17, Lemma (4.6) .]).
Attached Prime ideals of Local Cohomology modules
Reminder 2.1. Here we aim to review some, probably known, definitions and facts.
(i) Throughout the paper, we use the notation Assht to denote the set,
M is said to be equidimensional (respectively, unmixed) 
is an equidimensional (respectively, unmixed) R-module.
(ii) For each ideal a of R we set,
(iii) We say that M satisfies the Serre-condition S n precisely when,
for each p ∈ Spec(R). In fact, the following statements are equivalent.
(c) if a is an ideal generated by an M-regular sequence of length j ≤ n −1 then for each 
for all finitely generated R-modules N. 
The argument of the preceding paragraph in conjunction with [39 
Similarly, as in part (iv) of the preceding reminder, the definition of the canonical module of a finitely generated R-module can be extended to all local rings. 
Remark 2.3. Let M be a (finitely generated) d ′ -dimensional R-module. By virtue of the Cohen's structure theorem there exists a Gorenstein ring S such that dim(R) = dim( R) = dim(S) and R is a homomorphic image of S.
(a) Let x ∈ R\Z R (M). Then from the exact sequence,
we get the exact sequence, H Lemma 2] implies that, ht(p) + dim( R/p) = dim( R), for each p ∈ Spec( R). Set, R = S/a. Let, p = P/a ∈ Spec( R) where P ∈ Spec(S). We have,
We summarize the above observation as follows.
(c) If in addition R is presumed to be formally equidimensional then, setting M = R, the module C in the exact sequence (4) is locally dual to, H
In the following lemma we show that some of the properties of the canonical module, which are well-known in the case where R is a homomorphic image of a Gorenstein ring, hold in general. 
Thus it is enough to prove that, {q R : q ∈ Assht R ( M)} = Assht R (M). Let, p ∈ Assht R (M). There exists q ∈ Spec( R) such that p R ⊆ q and dim( R/q) = dim( R/p R). So we have dim( M) = dim(M) = dim(R/p) = dim( R/p R) = dim( R/q). Since, q ∈ min(p R), so [31, Theorem 9.5.] implies that q R = p. Thus, q ∈ Supp R ( M). Consequently q ∈ Assht R ( M), as required.
Conversely, let q ∈ Assht R ( M) and p = q R. We have p ∈ Ass R (M) because q ∈ Ass R ( M).
(ii) Let N be a finitely generated R-module and p ∈ Supp R (N). Then we can choose q ∈ min(p R) such that dim( R/q) = dim( R/p R) = dim(R/p). Therefore, q R = p and so R q is a faithfully flat extension of R p . Since, (N R R) ∼ = N p R p R q so we have q ∈ Supp R (N R R).
Due to the formula [7, Theorem A.11] we have,
Now, our claim follows from the above observation in conjunction with the fact that ω M = ω M R R.
(iii) Assume that R is complete. Then using Reminder 2.
By the same token, ht M a = ht M a R. Hence the statement follows from the preceding inequality. Clearly, since Supp R (ω M ) ⊆ Supp R (M), so in fact the inequality, ht ω M p ≥ ht M p, is an equality for each p ∈ Supp R (ω M ).
(iv) The statement follows from the fact that
The second part of the following lemma, which is a special case of the first part, will be used several times throughout the remainder of the paper. It is worth pointing out that one implication of the second part of the following lemma can be deduced by [3, Lemma 2.1], in the case where
Lemma 2.5. The following statements hold.
Proof. We first deal with the case where R is complete. Let x ∈ p\Z R (M). Then, by Reminder
Hence we get an exact sequence, H 
We have,
In particular, since ω M/xM is S 2 as R/xR-module so using Reminder 2.1(iii) we get,
It turns out that,
Now, using (5) and (6), in light of the exact sequence (4) of Remark 2.3, we can deduce that,
On the other hand,
So the statement holds in this case.
In the general case, in light of [6, 11.2.10 Exercise], there exists q ∈ Att R H
Then the above argument shows that grade R (q, ω M ) = 2 and thence grade R (p R, ω M ) ≤ 2. This completes the proof because by Lemma 2.4(iii) and (iv) we have, ht
(ii) We may and we do assume that R is complete. One implication follows from the preceding part. Note that,
Hence we can conclude the reverse implication, also, by tracing back the proof of part (i).
Remark 2.6. It is, perhaps, worth pointing out that the reverse of the first part of the preceding lemma does not hold in general. For example, assume that R is a quasi-Gorenstein Buchsbaum non-Cohen-Macaulay ring of dimension 4 and depth 2 (see [23, Lemma 2.2.] or the Segre product ring given in the introduction). Let p ∈ Spec(R) with ht(p) = 3. R is S 2 and ht R (p) ≥ 3, hence by Reminder 2.1(iii) we have 2 ≤ grade R (p, R) ≤ Depth(R) = 2. So,
m (R) has finite length. Also, it seems that we can not deduce Lemma 2.5(i) from Lemma 2.5(ii) by localization, because we shall need the further assumption, ht M p + dim(R/p) = dim(M), which is not assumed. 
to be the following map. For
) is the natural map. Then, we get the complex, The following lemma is used in the proof of the second part of Theorem 2.9.
Lemma 2.8. Assume that M is not Cohen-Macaulay and that M has a canonical module
Proof. It suffices to prove the claim in the complete case, so we assume that R is complete. Set, R Thus, without loss of generality, we can presume additionally that dim(R) = dim(M) and that R also has a canonical module (since R is assumed to be complete). So the statement follows from [3, Lemma 2.1].
In the following theorem we give an explicit description of the attached prime ideals of some of local cohomology modules, namely the first non-zero local cohomology supported at m starting from the point dim(M) − 1. We also, as an application, reprove [39, Theorem 1.15] (In the case where R is not necessarily homomorphic image of a Gorenstein ring and our proof is quite different). Clearly we may replace ω R with R in the following theorem provided R is quasi-Gorenstein. Furthermore, the first part of the next theorem shall be used in the proof of the Corollary 3.4(i). . Then we have,
(ii) Assume that, n ≥ 2 and that formal fibers of R satisfy the S n+1 condition. Then, ω M satisfies the S n -condition, if and only if,
Proof. Note that, Since M and formal fibers of R satisfies the S 2 -condition, so M is S 2 too. Since M is also S 1 so, min R ( M) = Ass R ( M). Consequently, in view of the our hypothesis, M is unmixed. Let q ∈ Supp R ( M). Then there exists p ∈ Assht R ( M) such that p ⊆ q. By Lemma 2.4(i), we have p ∈ Ass R (ω M ). Hence, q ∈ Supp R (ω M ). So the identity,
holds due to Lemma 2.4(ii).
Cohen-Macaulay R-module and the statement follows from Lemma 2.4(iv). So we suppose that d 
On the other hand, in light of Reminder 2.1(v) we get, (ω M ) q ∼ = ω M q and thence by Lemma 2.5(ii), 
But then using the fact that R q /p R q is S 3 we can deduce that, the fiber R q /p R q is Cohen-Macaulay. So, it follows that ht M p ≥ 3, otherwise M p and thence M q is Cohen-Macaulay which is a contradiction. But then we get,
(ii) We, firstly, argue by induction on d
, then both of M and ω M are Cohen-Macaulay and there is nothing to prove. So we assume that d ′ ≥ 3. If n = 2, then the statement follows from the preceding part. Suppose that n > 2 and the statement has been proved for smaller values of n.
Presume that ω M is S n . Since ω M satisfies the Serre-condition S n−1 also, so our inductive hypothesis implies that
But ω M satisfies S n -condition, so the set on the right hand side of the above identity is the empty set. Consequently, we get H 
Depth( R q /p R q ) ≤ n and whence the fiber R q /p R q is Cohen-Macaulay. If dim R p (ω M ) p ≤ n, then (ω M ) p is Cohen-Macaulay (Recall that ω M is assumed to be S n ) and hence (ω M ) q is Cohen-Macaulay which is a contradiction. Now, conversely, assume that,
and that ω M satisfies S n−1 . Suppose by way of contradiction that there exists p ∈ Spec(R) such
These facts yield ht ω M p ≥ n and Depth p. In fact the proof does not deal with the following question:
Quasi-Gorenstein rings and regular elements
Whether the map, ι, of the exact sequence (4) in Remark 2.3 is an isomorphism whenever ω R /xω R ∼ = ω R/xR ?
At least in the case where ω R = R, as the following lemma shows us, the above question has a positive answer. p.
Then C = 0 in the exact sequence (4). Thus, ι, is an isomorphism and whence ω R/xR ∼ = ω R /xω R ∼ = R/xR. Now, conversely, assume that R/xR is quasi-Gorenstein. It is harmless to assume that R is complete. Namely the assertion, x ∉
q, is equivalent to the assertion that q. On the other hand it is a well-known fact that a commutative local ring is quasi-Gorenstein if and only if its completion is so.
Suppose by way of contradiction that x ∈ p for some p ∈ Att H
x, the exact sequence (3) in Remark 2.3 gives us an exact sequence,
Using [6, 10.2.11 Theorem] we can deduce that f = sid R/xR E(R/m) for some s ∈ R. Dualizing we obtain the exact sequence, The following lemma shall be used in the proof of the corollary 3.4(ii).
Lemma 3.2. Assume that S is an R-algebra which is finitely generated as R-module (S is, indeed, semi-local but not necessarily local). Then,
Proof. Recall that S is a semi-local ring (see e.g., [31, page 69, 9. (see [7, Theorem 3 
.2.8])
. We aim to prove that µ(n) = 1 for each n ∈ Max(S).
Let, n ∈ Max(S). Since S/n is a finite extension of R/m so there exists u ∈ N such that S/n ∼ = R/m. We have,
S/n ∼ = Hom S S/n, Hom R (S, E(R/m)
It turns out that µ(n) = 1 as required.
The subsequent lemma is required for the next corollary.
Lemma 3.3. Let S be an R-algebra which is finitely generated as R-module. The following statements hold. (i) Assume that, the natural map
ϕ : H d m (R) → H d m (R) R S, given by α → α 1
is an Risomorphism. Then given an S-module N and a map f : H d mS (S) → H d mS (N) we have f is an R-homomorphism if and only if it is an S-homomorphism.
(ii) Suppose that R has a canonical module ω R . For each d -dimensional finitely generated S-module N the well-known R-isomorphism,
is an S-isomorphism too.
Proof. N) ) for some system of parameters x for R, it is easily seen that the natural R-isomorphism,
, is an S-isomorphism too. According to our hypothesis, we have the R-isomorphism,
Let us to denote the composition of the above isomorphisms with λ. It is easily seen that
. This fact together with the surjectivity of λ proves the claim.
(ii) Let N be a finitely generated S-module. As we have seen just in the previous part there exists a natural S-isomorphism, ψ N : H (The reader could easily verify that the first isomorphism is an S-isomorphisms too)
Corollary 3.4. Assume that R is a quasi-Gorenstein ring and x ∈ m is a regular element. Then the following statements hold. (i) A necessary and sufficient condition for R/xR to be quasi-Gorenstein is that R/xR satisfies the S 2 condition. (ii) If R/xR has a canonical module then the S 2 -ification of R/xR is quasi-Gorenstein (up to localization).
Proof. (i) Since, R is quasi-Gorenstein so R is quasi-Gorenstein and hence S 2 . Hence the formal fibers of R are S 2 . Therefore the formal fibers of R/xR are S 2 too. It turns out that R/xR satisfies S 2 precisely when R/x R is S 2 . Therefore, the statement follows from Theorem 3.5.
(ii) Let us denote the S 2 -ification Hom R/xR (ω R/xR , ω R/xR ) of R/xR by S. Recall that, S is semi-local. Let m S be the Jacobson radical of S. We aim to prove that, H Let us to denote the natural ring homomorphism R/xR → S, defined by the rule y → yid ω R/xR , with g . Let x be a system of parameters for R/xR whose image in S, also denoted by x, is a system of parameters for S. In the following we will prove that not only H Since R is quasi-Gorenstein so Lemma 2.4(ii) implies that ht(p) + dim(R/p) = dim(R) for each p ∈ Spec(R). Furthermore R satisfies S 2 . Thus Reminder 2.1(iii) yields ht(p) = 1 for each p ∈ Ass(R/xR). It follows that dim(R/p) = d − 1 for each p ∈ Ass(R/xR), i.e. R/xR is unmixed.
Therefore the identity (1) of Reminder 2.1(iv) shows that, 0 : R/xR ω R/xR = 0. Thus S is a finitely generated integral extension of R/xR by the natural map g . Since R is quasi-Gorenstein, so by virtue of Remark 2.3(c) and Reminder 2.1(iv), the exact sequence (4) of Reminder 2.3 gives us an exact sequence,
for each p ∈ Spec( R). On the other hand we have the exact sequence,
Tensoring G with R yields the exact sequence,
A similar argument as above shows that R/x R is unmixed and thence (ω R/x R ) q ∼ = ω ( R/x R) q for each q ∈ Spec( R/x R) (see Reminder 2.1(v)). In light of Proposition 3.1 and (9) 
Since R/xR is S 1 , so R/xR is locally Cohen-Macaulay at each prime ideal of height less than or equal one, whence by [3, Proposition 1.2] ht R/xR (0 : R/xR C ′ ) ≥ 2 and thereby,
Thus using the exact sequence G we conclude that
Since dim(C) = dim(C ′ ), using F , we deduce that H
The first part of the preceding corollary is a special case of the following theorem. Proof. We prove that ω R/x R is isomorphic to ω R /xω R provided the latter is S 2 . The converse is obvious by By Remark 2.1(v). Suppose, to the contrary, that the map, ι, in the exact sequence (4) there exists a prime ideal q ∈ Spec( R), containing x, such that Depth R q (ω R ) q = 2 but ht ω R q ≥ 3. Consequently, Depth R q (ω R /xω R ) q = 1 and ht ω R /xω R q ≥ 2, which violates the S 2 -property of ω R /xω R .
The first author of the paper, in [43, Proposition 3.4.] , shows that the Ulrich's deformation of certain Gorenstein rings to unique factorization domains, developed in [44] , has a quasiGorenstein counterpart. We will mention the statement of this deformation theorem, for the sake of completeness of the paper. 
. Then there exists a unique factorization domain S (which is of finite type over P) and a regular sequence y of S such that R ∼ = S/(y).
In spite of the above deformation theorem, at the of writing this paper, it is not clear for us whether the quasi-Gorenstein property deforms. However, in view of the following theorem, the quasi-Gorenstein property adheres a variant of deformation which we call it as analytic deformation. The following theorem will be used in the proof of Theorem 4.5.
Theorem 3.7.
Suppose that x ∈ R\Z(R) and R/x n R is quasi-Gorenstein for each n ∈ N. Then R is quasi-Gorenstein.
Proof. Our proof reduces to the complete case, so there exists a Gorenstein local ring (S, n) such that dim(S) = d and R is a homomorphic image of S. The commutative diagrams, 
for each n ∈ N. Taking the inverse limit we get the exact sequence,
But, ω R ∼ = lim 
for each n ∈ N. Hence the inverse system,
We claim that all but finitely many of α 
Proof. We assume that M is not free and we look for a contradiction. In particular, M has no non-zero free direct summand. Let P • be a free resolution of M and F • be a free resolution of M *
. Then according to the totally reflexiveness of M we get a complete resolution, Proof. We induct on dim(R). In the case where dim(R) = 0 the statement follows from Lemma 4.3 and the Auslander-Bridger formula [9, Theorem 1.25.]. So we assume that dim(R) > 0 and 9 In general, the minimal free resolutions of M and M * for some totally reflexive R-module M, similarly as above, give us a matrix A such that its entries may lie in R\m. For example, set M := R. Then it is easily seen that the given matrix A will be the matrix [1] . the statement has been proved for smaller values of dim(R). Applying the Auslander-Bridger formula [9, Theorem 1.25.] we get,
for each p ∈ Supp R (ω R ). In particular, by virtue of [3, Proposition 1.2] we can conclude that R is S 2 and thence Hom R (ω R , ω R ) ∼ = R.
Let, Depth(ω R ) = 2 (respectively, Depth(ω R ) = 1). Since Depth(R) ≥ Depth(ω R ) so there exists a regular sequence x := x 1 , x 2 (resp. x := x 1 ) on R. By [2, 1.10], x is also a regular sequence on ω R . The above remark in conjunction with our hypothesis implies that Now we deal with the case where Depth(ω R ) ≥ 3. We may assume that R is complete.
In this case, Lemma 2. (ω R/xR , ω R/xR ) = 0 for each 1 ≤ i ≤ Depth R/xR (ω R/xR ). Therefore using the inductive assumption we can deduce that R/xR is quasi-Gorenstein. By the same token, R/x n R is quasi-Gorenstein for each n ∈ N. Thus, by virtue of Theorem 3.7 we conclude that R is quasi-Gorenstein. Remark 4.6. At this time we do not know whether the finiteness of the G-dimension of ω R implies that Ext
Note that in light of [1, Theorem 3] , this is, indeed, the case when Projdim R (ω R ) < ∞. We stress that, by arguing as in the proof of Theorem 4.5, an affirmative answer to this question shows that R is quasi-Gorenstein precisely when Gdime(ω R ) < ∞ (c.f. the hypothesis of Theorem 4.5). Hence, it is perhaps worthwhile to propose the following questions. (15) (ii) It is, perhaps, worthwhile to give an example of a ring satisfying S 2 but Ext 
In addition by Reminder 2.1(iv) and [3, Lemma 1.1] we have, Supp(ω R ) = Spec(R). So,
Hence in view of the above identity and Lemma 2. (ii) For each i , j ∈ N with i ≤ j , we denote the the multiplication map,
(iii) By part (i), the kernel of the natural R-homomorphism
i.e. the module,
In particular, we have the induced R-monomorphism,
(iv) It is easily verified that, similar to part (ii), we have a direct system M/{x
The injectivity ofλ i together with above commutative diagram implies that ψ i ,j is an Rmonomorphism for each i , j ∈ N. In addition, we have the natural isomorphism, (ii) Assume that R has a canonical module ω R . Then,
(iii) In view of (ii) we have,
Consequently,
Lemma 5.4. Let A be an Artinian R-module. It is well-know that since A is an m-torsion Rmodule so A has a natural R-module structure (see [6, 10.2.9 Remark.]). We have injdim R (A) = injdim R (A).
Proof. Let E
• be a minimal injective resolution of A. Recall that, as A is an Artinian module, E i is a finite copy of E R (R/m) for each i ≥ 0 and that we can endow both of A and E(R/m) with an R-module structure such that E R (R/m) ∼ = E R ( R/m R) and E
• is a minimal R-injective resolution of A too. Thus injdim R (A) = injdim R (A). Hence we can replace R with R in all parts of the Theorem 5.7 provided that R has a canonical module. However, [33, EXAMPLE 2.3] gives us an example of a Noetherian local domain such that its completion is not unmixed.
In the following example we construct a ring R such that H d m (R) has a one dimensional socle but it is not quasi-Gorenstein. This implies that in Theorem 5.7 the unmixedness condition of R is necessary. It is well-known that a Cohen-Macaulay ring R is Gorenstein if and only if there exists an irreducible system of parameters for R. So, in accordance with Theorem 5.7, perhaps it is natural to ask whether R is quasi-Gorenstein provided R is unmixed and there exist a system of parameters for R whose limit closure is irreducible? The answer is negative. So (x + y, z + t ) lim is the unique maximal ideal of R and in particular it is irreducible. But R is not quasi-Gorenstein as R is a non-Cohen-Macaulay ring of dimension 2.
In the Theorem 5.7 the quasi-Gorensteinness is characterized with the aid of the limit closure of parameter ideals. We would like to digress momentarily to give another such application of the limit closure. The following proposition will be use in the proof of Theorem 5.12. (x 1 , . . . , x i , . . . , x d ) . This, immediately gives us, m{x} lim R ⊆ xR.
